We have shown that the Beltrami Theorem in Riemannian geometry is still true for square metrics if the dimension n ≥ 3, namely, an n(≥ 3)-dimensional square metric is locally projectively flat if and only if it is of scalar flag curvature. In this paper, we go on with the study of the Beltrami Theorem for a larger class of (α, β)-metrics F = αφ(β/α) including square metrics, where φ(s) is determined by a family of known ODEs satisfied by projectively flat (α, β)-metrics. For this class, we prove that the Beltrami Theorem holds if β is closed, and in particular, we prove that β must be closed for a subclass with φ(s) being a polynomial of degree two. Further, we obtain the local and in part the global classifications to those metrics of scalar flag curvature.
Introduction
It is the Hilbert's Fourth Problem to study and classify locally projectively flat metrics. The Beltrami Theorem in Riemannian geometry states that a Riemannian metric is locally projectively flat if and only if it is of constant sectional curvature. For Finsler metrics, the flag curvature is a natural extension of the sectional curvature in Riemannian geometry, and every two-dimensional Finsler metric must be of scalar flag curvature. It is known that every locally projectively flat Finsler metric is of scalar flag curvature. However, the converse is not true. For example, Randers metrics of constant flag curvature are not necessarily locally projectively flat ( [2] ). Therefore, it is a natural problem to study and classify Finsler metrics of scalar flag curvature. This problem is far from being solved for general Finsler metrics. Thus we shall investigate some special classes of Finsler metrics. Recent studies on this problem are concentrated on Randers metrics and square metrics.
Randers metrics are among the simplest Finsler metrics in the following form
where α is a Riemannian metric and β is a 1-form satisfying β α < 1. After many mathematician's efforts ( [1] [8]- [11] [19]), Bao-Robles-Shen finally classify Randers metrics of constant flag curvature by using the navigation method ( [2] ). Further, Shen-Yildirim classify Randers metrics of weakly isotropic flag curvature ( [18] ). There are Randers metrics of scalar flag curvature which are neither of weakly isotropic flag curvature nor locally projectively flat ([3] [14] ). So far, the problem of classifying Randers metrics of scalar flag curvature still remains open. Recently, square metrics have been shown to have many special geometric properties. A square metric is defined in the following form
where α is a Riemannian metric and β is a 1-form with β α < 1. In [17] , Shen-Yildirim determine the local structure of all locally projectively flat square metrics of constant flag curvature. L. Zhou shows that a square metric of constant flag curvature must be locally projectively flat ( [26] ). Later on, the present author and Z. Shen further prove that a square metric in dimension n ≥ 3 is of scalar flag curvature if and only if it is locally projectively flat, and they also classify closed manifolds with a square metric of scalar flag curvature in dimension n ≥ 3 ( [15] ).
In this paper, we extend the class of square metrics to a larger class which is determined by the ODE (1). Then we show the local and global structures of those metrics which are of scalar flag curvature in dimension n ≥ 3. Now we state our main results as follows.
Theorem 1.1 Let F = αφ(β/α) be an (α, β)-metric on an n(≥ 3)-dimensional manifold M , where α = a ij (x)y i y j is Riemannian and β = b i (x)y i is a 1-form, and φ(s) satisfies φ(0) = 1 and the following ODE
where k 1 , k 2 , k 3 are constant with k 2 = k 1 k 3 . Assume β is closed. Then F is of scalar flag curvature if and only if F is locally projectively flat.
The ODE (1) appears in characterizing an (α, β)-metric which is Douglasian or locally projectively flat ( [5] [13] [20] ). The scalar flag curvature K in Theorem 1.1 can be determined (see (24) 
below).
If k 2 = k 1 k 3 , then F is of Randers type. We call an (α, β)-metric F = αφ(s) of Randers type, if φ(s) = a 1 s + √ 1 + ks 2 for some constants a 1 , k. A metric of Randers type is essentially a Randers metric if k > −1/b 2 . As shown above, it is still an open problem to classify Randers metrics of scalar flag curvature.
When k 1 = 2, k 2 = 0, k 3 = −3 and φ ′ (0) = 2, we get F = (α + β) 2 /α, which is called a square metric. In this case, the conclusion in Theorem 1.1 is still true without the condition that β is closed (see [15] , also see Theorem 1.3 below), and by (24) below we have
which is also obtained in [15] . Theorem 1.1 might be also true without the condition that β is closed, but it seems hard to be proved. To prove Theorem 1.1, we first characterize the metric F in Theorem 1.1 which are of scalar flag curvature in terms of the covariant derivatives b i|j and the Riemann curvatureR i k of α (see Theorem 3.1 below). Then Theorem 1.1 follows directly from Theorem 3.1. We also show that the inverse of Theorem 3.1 is true (see Theorem 3.2 below). Besides, in Section 5 below, we use Theorem 3.1 to give the classification for an (α, β)-metric F = αφ(β/α) with φ(s) satisfying (1) which is locally projectively flat with constant flag curvature (see Corollary 5.1 below) (cf. [6] [21] ).
More important is that, based on Theorem 3.1, we can use the deformation determined by (60)-(63) to obtain some rigidity results (see Theorem 1.2 and Theorem 1.3 below). We will prove in Section 4 that, under the deformation determined by (60)-(63) (cf. [24] [25]), if α and β satisfy (20) - (23) below, then h = h µ is a Riemann metric of constant sectional curvature (put as µ) and ρ is a closed 1-form which is conformal with respect to h µ . Put h µ = h ij y i y j , and the covariant derivatives p i|j of ρ = p i y i with respect to h µ satisfy
for some scalar function c = c(x) (see (66) below). Let ∇c be the gradient of c with respect to h µ , and then
is a constant (Lemma 6.1 below). We need c and δ in the following two theorems. Now if we assume the manifold M is compact without boundary, then we have the following rigidity theorem based on Theorem 3.1 and the deformation (63). Theorem 1.2 Let F = αφ(β/α) be an (α, β)-metric on an n(≥ 3)-dimensional compact manifold M without boundary, where φ(s) satisfies (1) with φ(0) = 1 and k 2 = k 1 k 3 .
(i) Suppose F is of constant flag curvature and β is closed. Assume
on the whole M if F is essentially a square metric. Then F = α is Riemannian, or F is locally Minkowskian. In the latter case, F is flat-parallel (α is flat and β is parallel with respect to α).
(ii) Suppose F is of scalar flag curvature and β is closed (or equivalently, F is locally projectively flat). Then one of the following cases holds:
(iic) If µ > 0 for h in (3), then α and β can be written as
where c is given by (3), and c i := c x i , c 0 := c i y i , and
are determined properly by (60)-(62) below (for example, by (72) below). Further, the scalar flag curvature K satisfies (24) below with
It seems difficult to evaluate the lower and upper bounds of the K in Theorem 1.2(iic). But in a special case for a square metric F = (α + β) 2 /α, it is shown in [15] that K satisfies
Similarly, Theorem 1.2 might be also true without the condition that β is closed. For a special case that φ(s) = 1 + a 1 s + ǫs 2 is a polynomial of degree two, we can prove that β is closed, which is shown in the following theorem (we may put ǫ = ±1). (ii) Let M be compact without boundary. If F is of constant flag curvature, then the conclusions in Theorem 1.2(i) hold for n ≥ 2; and if F is of scalar flag curvature, then the conclusions in Theorem 1.2(ii) hold for n ≥ 3. Further for a suitable choice of u, v, w, (6) can be written as
and K in Theorem 1.2(iic) has the form
For a square metric F = (α + β) 2 /α, we have a 1 = 2, ǫ = 1, and then (11) becomes (8) and K is bounded by (9) . In other cases, K might not have positive lower bound.
The metric in Theorem 1.3 can be equivalently considered as a subclass of φ(s) determined by (1) with k 1 , k 2 , k 3 satisfying certain relation (see Remark 7.6 below).
It might be true that β is closed for a regular (α, β)-metric (not of Randers type) of scalar flag curvature in dimension n ≥ 3. But it seems hard to be proved. On the other hand, if an (α, β)-metric F is singular with φ(0) = 0 or φ(0) not defined, β is generally not closed even if F is locally projectively flat or of constant flag curvature (cf. [16] [22] [23]). We conjecture that an (α, β)-metric (regular or singular, and not of Randers type or Kropina type) must be locally projectively flat if it is of scalar flag curvature in dimension n ≥ 3.
Preliminaries
In local coordinates, the geodesics of a Finsler metric F = F (x, y) are characterized by
where
For a Finsler metric F , the Riemann curvature
The Ricci curvature is the trace of the Riemann curvature, Ric := R m m . A Finsler metric F is said to be projectively flat in U , if there is a local coordinate system (U, x i ) such that G i = P y i , where P = P (x, y) is called the projective factor. In projective geometry, the Weyl curvature and the Douglas curvature play a very important role. We first introduce their definitions. Put
Then the Weyl curvature W i k are defined by
The Douglas curvature D Now for the computation of (α, β)-metrics, we first show some definitions and conventions. For a Riemannian α = a ij y i y j and a 1-form β = b i y i , let
where we define
is the inverse of (a ij ), and ∇β = b i|j y i dx j denotes the covariant derivatives of β with respect to α. Here are some of our conventions in the whole paper. For a general tensor T ij as an example, we define T i0 := T ij y j and T 00 := T ij y i y j , etc. We use a ij to raise or lower the indices of a tensor.
An (α, β)-metric is a Finsler metrics defined by a Riemann metric α = a ij (x)y i y j and a 1-form β = b i (x)y i as follows:
It is proved in [12] that an (α, β)-metric is regular if and only if
In this paper, an (α, β)-metric is always assumed to be regular. Let F = αφ(s), s = β/α, be an (α, β)-metric, and then by (12), the spray coefficients G i of F are given by
where G i α denote the spray coefficents of α and
For a general (α, β)-metric F = αφ(s), s = β/α, we can use Maple programs, by aid of (16), (13) and (14), to compute its Riemann curvature R i k , Ricci curvature Ric and Weyl curvature W i k . But these expressions are too complicated. One can see the very long expressions of the Rimann curvature and Ricci curvature in [4] . So for the briefness in this paper, we won't write out the expression of the Weyl curvature for the (α, β)-metrics discussed in our paper.
We can show some details in the computation of the Weyl curvature W i k for an (α, β)-metric F = αφ(s), s = β/α. The spray G i of F can be written in the form
G i define a spray G which is projectively equivaent to the spray G of F . The Weyl curvature ofG is defined in the same way. Q i also define a tensor Q. Since the Weyl curvature is projectively invariant, we have W i k = W i k , and then we can change to the computation of
where Q i |k are the covariant derivatives of Q with respect to the spray G α of α. We have
Thus we get
As seen from above, we can use (17) and (18) to compute the Weyl curvature W i k . In our final result, we are mainly concerned about the computation of the following terms r ij , r ij|k , q ij , t ij , s ij .
We show some ideas in dealing with the equation W i k = 0. We first multiply W i k = 0 by some suitable term and then it can be written in the following form
where f i (s)'s are polynomials of s with coefficients being homogenous polynomials in (y i ). The key point is to choose some suitable polynomials in s to divide our equations, and then get some answers by isolating rational and irrational terms.
Scalar Flag Curvature
In this section, we study the properties of some class of (α, β)-metrics which are of scalar flag curvature. We have the following two Theorems.
i is a 1-form, and φ(s) satisfies (1) with φ(0) = 1 and k 2 = k 1 k 3 . Assume β is closed. Then F is of scalar flag curvature if and only if the Riemann curvatureR i k of α and the covariant derivatives b i|j of β with respect to α satisfy the following equations
where λ = λ(x), τ = τ (x) are scalar functions on M and η, q are defined by
In this case, F is locally projectively flat, and the scalar flag curvature K is given by
where f, g, h are defined by
If τ = 0 in (20), we have β = 0 and α is of constant sectional curvature, or β = 0 and α is flat (λ = η = τ = q = 0). Further, λ and τ in (20)- (22) can also be determined (see (66), (68) and (80) below). The inverse of Theorem 3.1 is also true, which is shown as follows.
i is a 1-form, and φ(0) = 1. Assume F is not of Randers type, β is not parallel with respect to α. Then φ(s) must satisfy (1), provided that F is of scalar flag curvature and (20)- (23) hold with k 2 = k 1 k 3 .
Proof of Theorem 3.1
We will deal with the equation W i k = 0 step by step. By the method described in Section 2, we get a formula for W i k which is expressed in terms of the covariant derivatives of β with respect to α and the Riemann curvature of α.
Since F in Theorem 3.1 is regular, we have the following lemma.
Lemma 3.3 Let F = αφ(β/α) be an (α, β)-metric, where φ(s) is given by (1). Then we have
Since β is assumed to be closed, we have s ij = 0, q ij = 0, t ij = 0. Plugging them into W i k and multiplying
and we get an equation denoted by Eq 0 = 0. By (1) we can get φ (i) (2 ≤ i ≤ 5) expressed by φ, φ ′ . Plug them into Eq 0 = 0 and then multiply Eq 0 = 0 by
By this way, we have
It is surprising that Eq 1 is independent of φ and by Eq 1 = 0 we have
where C i k are homogeneous polynomials in (y i ).
Proof : Otherwise, for some scalar functions f k = f k (x) we have
Then we have
. This is a contradiction by Lemma 3.3. Q.E.D.
Proof : We can prove it in two cases: k 2 b 2 + k 3 = 0 and k 2 b 2 + k 3 = 0. We need Lemma 3.3 and the fact k 2 = k 1 k 3 .
Q.E.D.
By (26), Lemma 3.4 and Lemma 3.5 we have (20) for some scalar function τ = τ (x). Then by (20) we can obtain the expressions of the following quantities: r 00 , r i , r m m , r, r 00|0 , r 0|0 , r 00|k , r k0|m , r k|0 , etc.
For example, we have
Now plug all the above quantities into (26) and then we can get the Weyl curvatureW ik := a imW m k of α. We will discuss it under two cases.
Case I: Assume k 1 = 0. We havē
where τ i := τ x i and
Lemma 3.6 (27) ⇐⇒ (21) and (22), where q is defined by
Proof : =⇒ : By the definition of the Weyl curvatureW ik of α we havē
whereR ik := a imR m k andRic ik denote the Ricci tensor of α. Using the factR ik =R ki we get from (30)W
By (27) we can get another expression ofW ik −W ki . Thus by (27) and (31) we have
Contracting (32) by y k we get
Contracting (33) by b i we obtain
So by (34) there is some scalar functionη =η(x) such that
Then by the definition of T i and (35) we havē
Now plugging (36) and (37) into (33) yields
where A i and B i are defined by
If k 2 = 0, then by (38) we have
where f i = f i (x) are scalar functions. Contracting (40) by y i we get
Plugging (40) and (41) into (38) gives
If τ = 0, we can naturally find λ, η, q such that (20)- (22) hold. So we may assume τ = 0, and then by (1), we have b 2 = constant. So by (42) we also get (39). Thus it follows from (39) that
for some scalar function e = e(x). Now plugging (36), (37) and (43) into (27) and (30) we obtainR
Clearly, (44) is just (21) . It follows from (28), (43) and (45) that
which implies (22) with q given by (29). ⇐= : We verify that both sides of (27) are equal. By (21) we have (36) and (37). Since (30) naturally holds, we plug (36), (37) and (21) into (30) and then we obtain the left side of (27). By (22) and (29) we get
from (28). Then plugging (47) into the right side of (27) we obtain the result equal to the left side of (27).
Q.E.D.
Now we show that the metric F in Theorem 3.1 is locally projectively flat if F is of scalar flag curvature with β being closed and the dimension n ≥ 3. First, we have the vanishing Weyl curvature W i k = 0 since F is of scalar flag curvature. Second, by (20) F is a Douglas metric ( [5] ). Therefore it follows from the result in [7] that F is locally projectively flat.
In the final we compute the scalar flag curvature and prove that η, q are given by (23) . As shown above, we have (20)- (22) 
where the expression of K = K(x, y) is omitted. Since F is of scalar flag curvature and n ≥ 3, by (48) we must have
Thus we get η given by (23) . Plug η given by (23) into K, and then we obtain the scalar flag curvature K = K given by (24) . By (29) and η in (23), we get q given by (23) .
Case II: Assume k 1 = 0. Then k 2 = 0. We havē
Lemma 3.7 (50) ⇐⇒ (21) and (22), where q = q(x) is some scalar function and η = k 2 τ 2 .
Proof : We only show the final results of the necessity. Assume (50). By a similar steps as in Lemma 3.6, we have
where q = q(x), λ = λ(x) are scalar functions. By (52), η in (21) is given by η = k 2 τ 2 , which is equal to the η in (23) with k 1 = 0.
Now we compute the Riemann curvature R i k of F in this case and prove that η are given by (23) with k 1 = 0. By (1) and (20)- (22) with η = k 2 τ 2 , a direct computation gives
where the expression of K = K(x, y) is omitted. Since F is of scalar flag curvature and n ≥ 3, by (53) we must have
Thus we get q given by (23) with k 1 = 0.
Proof of Theorem 3.2
We will show that φ(s) must satisfy (1) by (20)- (23) hold with k 2 = k 1 k 3 , τ = 0 and φ(s) = a 1 s + √ 1 + ks 2 for any constants a 1 , k. To determine φ by W i k = 0, we need to choose a special coordinate system at a point on M as that in [12] . At a fixed point x o , make a change of coordinates: (s, y A ) → (y 1 , y A ) by
Using (30), plug (20)- (23) into the Weyl curvature W i k of F , and then multiplying them by 4(n 2 − 1)
we get a family of ODEs about φ. Here we only consider W 
where Y 1 , Y 2 are two ODEs about φ independent of (y A ). Since n ≥ 3, we have Y 1 = 0, Y 2 = 0. We only need to consider Y 1 = 0, which is a regular ODE of order four with the leading term 2τ
Plug the Taylor expansion
into Y 1 = 0, and let p i be the coefficients of s i in Y 1 . By p 0 = 0 we have
where we omit the expression of f = f (x).
Case I: Assume a 2 = k 1 /2. By (55) we have (3k
By (1) with τ = 0 we have b 2 = constant. So by (56), we easily get a 3 = 0. Since the φ determined by (1) satisfies
is the unique solution to Y 1 = 0 by the uniqueness of solution for regular ODEs.
Case II: Assume a 2 = k 1 /2. Solving λ from (55) and plugging it into Y 1 = 0 we get a regular ODE denoted by Y 3 = 0. We will show that this case will not occur. Solving λ from (55) and plugging it into p 1 = 0, using b = constant we obtain
and a 3 = 0 or
Case II(1): Assume a 3 = 0. Solving λ from (55) and plugging it into p 2 = 0, using b = constant and a 2 = k 1 /2 we obtain from a 3 = 0 and (57)
In this case, we can verify that
is the unique solution of Y 3 = 0. This contradicts with our assumption on φ. Case II(2): Assume a 3 = 0. Solving λ from (55) and plugging it into p 1 = 0, by (57) and (58) we obtain
,
In both cases, we will immediately show that k 2 = k 1 k 3 , which is a contradiction with our assumption. Q.E.D.
Deformations on (α, β)-metrics
In Theorem 3.1, (20)- (23) are necessary and sufficient conditions for an n(≥ 3)-dimensional (α, β)-metric which is not of Randers type satisfying (1) to be locally projectively flat. In [13] , Shen gives another characterization, and then in [24] [25], Yu finds a deformation to obtain the local structure based on Shen's result. In this section, we will give the local structure using (20)- (23) by a similar deformation. Let u = u(t), v = v(t), w = w(t) satisfy the following ODEs:
Let α and β satisfy (20)- (23), and define a new Riemann metric h = h ij (x)y i y j and a
, w = w(b 2 ) = 0 which are determined by (60)-(62). We will show in the following that h is of constant sectional curvature and ρ is a closed 1-form which is conformal with respect to h.
Put p := ||ρ|| h .
We have
By (20), a direct computation shows that the sprays G i h of h and G i α of α satisfy
By (20) and (65) we can directly get
where the covariant derivatives are taken with respect to h, and the scalar function c = c(x) can be determined (see (80) below). Now (66) implies that ρ is a closed conformal 1-form with respect to h. By (65) and using (20)- (23), we obtain
where R i k are the Riemann curvatures of h and y k := h km y m . It follows from (67) that h is of constant sectional curvature. We put it as µ, and then we obtain
In some local coordinate system we may put h = h µ in the form
and then by (66) and (69) we obtain the 1-form ρ = p i y i given by
where k is a constant and a = (a i ) is a constant vector, and p i = h im p m . By (70) we have
If we choose a triple (u, v, w) determined by (60)- (62), then by the above discussion, we can obtain the local expressions of α and β by (63). 2 /α, the triple (u, v, w) can be chosen as ( [15] )
For the general case in Theorem 3.1, we may choose the triple (u, v, w) as ( [24] [25])
where σ is defined by
Constant flag curvature
In this section, we consider the classification in Theorem 3.1 when F is of constant flag curvature. The following corollary has been proved in [6] [21] in a different way.
Corollary 5.1 Let F = αφ(β/α) be an (α, β)-metric on an n(≥ 2)-dimensional manifold M , where φ(s) satisfies (1) with φ(0) = 1 and k 2 = k 1 k 3 . Suppose F is locally projectively flat with constant flag curvature K and β is not parallel with respect to α. Then F must be in the following form
where k and ǫ = 0 are constant. In this case, we have K = 0 and k
Proof : We can use Theorem 3.1 to prove it in case of n ≥ 3, and for the case n = 2, see [21] . Since F is of constant flag curvature, K given by (24) is a constant. Put
Then by (1), we can express all a i 's (i ≥ 2) in terms of k 1 , k 2 , k 3 . Multiply (24) by φ 2 and we get an equation. Let p i be the coefficients of s i . Firstly, by p 0 = 0, we get
We show a 1 = 0. If a 1 = 0, then plugging a 1 = 0 and (74) into p 2 = 0 yields
Since k 2 = k 1 k 3 , we get τ = 0 on the whole M . Thus by (20) , β is parallel with respect to α. So a 1 = 0. Now substitute (74) into p 1 = 0 and then using a 1 = 0 we obtain
Next plugging (74) and (75) into p 3 = 0 and using a 1 = 0 and τ = 0 we get
Then similarly, by (74)-(76) and p 4 = 0 we have
If It can be easily verify that if 
The second case in (77) is a special case of the first case in (77). So by (76) and (77), we have
Now by (74), (75) and (78) we get K = 0. Plug (78) into (1) and solving the ODE we obtain (73) with
6 Proof of Theorem 1.2
To prove Theorem 1.2, we need the following lemma. 
where c = c(x) is a scalar function on M , then the quantity 
and then F is given by (73). If (5) holds, then α 2 + kβ 2 is a (positive definite) Riemann metric. So F in (73) is a square metric which can be written as
It has been proven in [15] that a square metric is Riemannian or flat-parallel if it is of constant flag curvature on a closed manifold.
Case II: In case of n ≥ 3, suppose F is of scalar flag curvature and β is closed (or equivalently, F is locally projectively flat). Under the deformation (63), where
satisfy the ODE (60)-(62), we have proved that h is of constant sectional curvature µ and ρ satisfies (66) for some c = c(x) and then (3) holds.
Let h take the local form (69). Now c in (66) can be expressed as
where k, a are the same as that in (70) and (71). Case IIA: Assume µ < 0. We have c = 0 by Lemma 6.1. By (80), we have k = 0, a = 0. Then by (70) we get ρ = 0. Thus (63) shows β = 0. Therefore, F = α is Riemannian in this case.
Case IIB: Assume µ = 0. We have c = −k/2 = constant. We will show that k = 0. Assume k = 0. Since α, β are defined on the whole M , (63) defines a Riemann metric h and a 1-form ρ on M for a suitable choice of u, v, w. For example, we may choose u, v, w as in (72) here. Therefore, the scalar function ||ρ|| and µ = 0, the scalar function f := ||ρ|| Now we begin our discussion. We will prove our results in two cases: a 1 = 0 and a 1 = 0. 
where C i k can be written in the form (19) .
Lemma 7.3 Suppose
(s 2 − 1)r 00 + 2(a 1 + 2s)αs 0 ≡ 0 mod (1 + 2b 2 − 3s 2 ).
Then we have r 00 = τ α 2 (1 + 2b 2 − 3s 2 ),
where τ = τ (x) is a scalar function. 
where D i k can be written in the form (19) . Similarly by (86) we obtain
where γ = γ(x) is a scalar function. Then by (87) we have
Plug (87) and (88) 
The following lemma has been proved in [15] . Now we have proved that β is closed.
Lemma 7.4 Suppose (90) holds for some scalar γ = γ(x). Then β is closed.
Case II: Assume a 1 = 0. In this case, there are some different steps from that in Case I.
Multiply W 
